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INTRODUCTION 
The present paper is devoted to the approximation of invariant solutions 
for multivalued differential equations in Hilbert spaces. We denote by V and 
H two Hilbert spaces, with duals V’ and H’, satisfying VC H = H’ c V’ 
with dense and continuous injection mappings. We assume that the injection 
mapping from V into H is completely continuous. We consider first order 
multivalued differential problems of the form: 
Find t -+ u(t) with values in V satisfying 
where S denotes a continuous multivalued mapping with nonempty convex 
compact values in V’, K is a compact subset of V and uO is a given vector of 
K. We assume that the data S and K satisfy a tangential condition of the 
form 
(5) D&) n S(u) # 0 for any u E K, 
where DK(.) denotes the tangent cone to the set K defined by (see Aubin [4]) 
with dK(u) = infwCK /] u - w lIy. 
By using self-adjoint approximations (V,, p,,, rz) (see [2]) of the space V 
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we associate with (Ps) approximate problems in the finite dimensional spaces 
V,, of the form 
where u ,,h = rl u0 and K, = rz K, and S,E : V, 3 Vh is defined by 
shE(zlh) = rc [S(PhUh) f E9Yyj for any vh E vh . 
The existence of solutions for these approximate problems is obtained by the 
method given in [5] and, by using the complete continuity of the injection 
mapping of the space W(0, T) = {u E L’(O, T; V)l du/dt E L*(O, T, V’)} into 
L*(O, T;ff) (see [71), we prove that a particular subsequence of these 
approximate solutions converges to a solution u E C([O, T]; H) n L’(0, T, V) 
of (Ps) such that du/dt E L’(O, T, V’). 
A similar result holds if we assume that S maps H into H, and K is a 
compact subset of H, where the Hilbert space H is such that the injection 
mapping of H’(0, T; H) into L’(O, T, H) is completely continuous (this is, 
e.g., the case if H =L2(R), where 0 is a bounded open set of I?” with 
regular boundary). 
Next we consider the case of delay differential inclusions (see 161) of the 
form 
u(t) E K, 
where S denotes a continuous multivalued mapping with nonempty convex 
compact values in V’, K is a compact subset of V, Z is a given function of 
the space C([-r,O]; V) with values in K, and U, is the function defined by 
~~(0) = u(t + 6) for any 8 E [-r, 01. By assuming that S and K satisfy a 
tangential condition of the form 
FiJ W) n ~AglW) f 4 forany(bEC([-r,O];V) 
with values in K 
we prove the existence of a solution u E C( [0, T]; H) n L*(O, T, V) of (Ps,,) 
such that du/dt E L*(O, T; V’). 
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1. INVARIANT SOLUTIONS FOR ORDINARY DIFFERENTIAL INCLUSIONS: 
PROBLEM DEFINITION AND ASSOCIATED SEMIDISCRETE PROBLEMS 
We consider two separable Hilbert spaces V and H and we assume that 
V c H = H’ c V’ with dense and continuous injection mappings. We denote 
by S : V + V’ a multivalued mapping with nonempty convex compact values 
in V’, by K a compact subset of V and by U, a given element of K. We want 
to find approximate solutions of the following multivalued differential 
problem 
u(t) E K. 
We assume that the mapping S satisfies the tangential condition (kTs). 
We shall discretize this tangential condition and associate with problem 
(Ps) a family of approximate problems (Pl,J in finite dimensional spaces. 
We consider self-adjoint approximations (V,, , p,, , T:) of the space V defined 
by a finite dimensional space V,, an injective linear mapping p,, from V, into 
V and the transposed mapping rc which satisfies 
P-h* f, Uh>h = CL Ph ~/A vv, E v,, Vf E V’. 
If K is any subset of V, then its tangent cone in the sense of Bouligand (see 
Aubin [4]) is defined by 
with d,(u) = &f; 11 u - wJly. (2) 
First we have 
LEMMA 1. If v E DK(u) with u E K, then r$ E D,.;K(rzu), where 
DrehK(u,,) denotes the tangent cone in V,, to the set rt K at the point uh. 
Proof. Since u E DK(u) there exist sequences u(“) E K and yn l O+ such 
that 1) ((u(‘) - u)/y’“‘) - u(ly + 0 for n + +co. Since the injection map from V 
into V’ is continuous, this implies that JJ((u(~) - u)/y’“‘) - z)Jl,,, -+ 0 for 
n --t +co, or equivalently from the definition of the dual norm : 
I( 
UC”) - u 
sup 
Y (n) - 
05 4 
)I/ 
lI~llv- 0 forn++co. tJEV 
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Since p,, V,, c V this in turn implies that 
I( 
r*Ucn) - $24 
sup 
h forn-++co, (3) 
@hEVh Y (n) 
-rh*v,h, 
where li#hiih = 11 Ph$hliV for any #h E vh. 
If the dual VA of I’, is equipped with the dual norm 
then (3) takes the equivalent form: 
II 




for It + +co. 
*h 
Since r$ u(n) E r$ K this means that rc v E DriK (r$ u), where 
(4) 
The preceding result immediately implies 
LEMMA 2. If S is a multivalued mapping from V into V’ satisfying the 
tangential condition (FFs), then it also satisfies 
D,.“,(rz u) CT rz S(u) # 0 for any u E K. 
We will now assume that for any h < h, the subsets ph rc K are contained in 
a compact neighborhood of the set K.’ We can now prove 
This assumption has been made following a referee’s recommendation but the results are 
also valid under the following assumption: 
The set valued map S is uppersemicontinuous from V to V’ and for any E > 0 there exists 
6 > 0 such that for any u E K 
where .9,,, denotes the unit ball of V’. 
A similar remark also holds about the assumptions of Proposition 5 which remain valid if 
the map S is assumed to be uppersemicontinuous for the topology of L”(-r, 0; H) and such 
that: 
for any F > 0 there exists 6 > 0 such that for any d E C( I-r, 01; V) with values in K : 
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PROPOSITION 1. Assume that the mapping S satisfies the tangential 
condition (gs). Assume that the approximations (V,, p,, , r$) are stable and 
convergent, i.e., satisfy for any u E V, 
(5) 
(6) 
Then for any E > 0 there exists ho > 0 such that h < ho implies 
@?,h) DKh@h) n si(“h) f 0 for any uh E K,, 
where K, and S,E are defined by : K, = rt K and 
s,“(vh) = rh* [s(Phvh) + E%‘l for any vh E V, . 
Proof. Let E > 0 be given and 6 > 0 associated with E by the uniform 
continuity of S then, from the uniform convergence on the compact set K of 
the uniformly bounded operators phrh * to the identity mapping, there exists 
h, > 0 such that h < h, implies 
lb -w-~4 < 6 for any u E K, (7) 
S(u) c S(phrh* u) + ~39”~ for all u E K. (8) 
Equation (8) and Lemma 2 imply together that 
D,.p(rtu) n rc[S(phrt u) + dvn] # 0 for all u E K. 
Since rz maps K onto K, = r,*K, this is equivalent to (gl,h). 1 
We can now associate with (Ps) the following approximate problems in the 
finite dimensional spaces V,: 
Find t-t uh(t) with values in V, such that 
2 E S;(Uh(t)), 
cPiE,h) 
uh(“) = UOh 5 
Uh(t> E Kh 5 
with u Oh=rh*UO and K, = r,*K. By the continuity of S on the above 
mentioned compact neighborhood of K there exists a finite A > 0 such 
that: S(p,r,* K) c A.9?u, for any h < ho. Since 
“rh*f ‘I*h = epv, ))PhVhJJY ’ 
ICLPhvh) < IlfllY, for anyf E V’ 
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this implies for E < a that 
%Wh) = ri? [S(P *rh*K)+E~~‘]C(/i+a)r~~~,c(/i+a)~~, (9) 
where 3’; denotes the unit ball of V, for the norm I( I(*h. We can then apply 
to problem (Pi,*) Corollary I-l of [5] and we obtain 
PROPOSITION 2. Assume that the mapping S is continuous on a relatively 
compact neighborhood of K and satisfies (gs). Assume that (V,, , ph , rt) are 
stable and convergent approximations of the space V. Then for any E > 0 
there exists h, > 0 such that for any h < h, there exists a solution t--f uh(t) of 
(Pi,J defined on any compact interval [0, T] and absolutely continuous. 
2. CONVERGENCE OF THE APPROXIMATE SOLUTIONS OF (Ps) 
We now assume that the mapping p,, satisfies 
II PhfhllVc <m’ Ilfhll*h for any f, E VA, (10) 
with m’ independent of h. We shall denote by W(0, T) the Hilbert space of 
all functions u E L*(O, T, V) such that du/dt E L*(O, T, V’) equipped with 
the norm 
we have first the following result: 
PROPOSITION 3. The functions p,,u,, are contained in a bounded subset of 
W(O, T). 
Proof Since uh(t) E r,*K for all t E [0, T] we have from (7) 
phu,,(t)Ephr$KCK+aL9” 
and this implies that: 
1 o’ II Ph bells dt G C: 
with C, independent of h. On the other hand it results from 
du,/dt E Si(u,(t)) and (10) that there exists a C, independent of h such that 
J-,’ IlWW(wJll;~ dt < C:. 1 
We will now assume that the injection mapping from V into H is compact 
240 F. WILLIAMSON 
and that S is upper semicontinuous from H into V’. We have the following 
existence result: 
PROPOSITION 4. Denote by uh a solution of (Pi,J for h < h,. There 
exists a subsequence of (u,J,, such that phuh converges in L *(O, T, H) to a 
solution u of the problem 
$ E S(u(t)) + 2&3$ a.e. in [0, T], 
(pi) u(0) = u,, 
u(t) E K. 
Proof. Since uh is a solution of (Pi,h) it satisfies 
du, 
Phx=PnV; with I& E S,E(u,). (11) 
Since (phuJh is uniformly bounded in W(0, T), there exists a subsequence 
which converges weakly to a limit u in W(0, 7’); from the complete 
continuity of the injection mapping from W(0, T) into L*(O, T, H) this 
subsequence converges strongly in L*(O, T, H) and by extracting an 
appropriate subsequence we may assume that p,,u,,(t) converges to u(t) in H 
for almost every t E [0, T]. Since phuh(t) E p,,rtK c K + SBV for h Q h, 
and since K is closed in H, we have u(t) E K for almost every t E [0, T]. It 
remains to prove that a subsequence ofp,,i& converges weakly to an element 
of S(u). We first show that I& = rz &, where & is a measurable function 
from [0, T] into V’. Since the mapping t + S(p,u,(t)) is upper semicon- 
tinuous from [0, T] into V’ and hence measurable, this holds also for the 
sum S(phuh(t)) + E&, which has closed values (see [8]). On the other hand 
since rz is continuous and maps I” onto Vi, it is open and therefore the 
mapping t + (r-:)-l V/h(t) is measurable. This implies the existence of 
a measurable selection 4; E (t-c)-’ I& n [S(phuL) + .MVC]. Since 
phu,,(t) Ep,,rzK for almost every t E [0, T] and S(p,r,*K) c/lSV,, we see 
that the functions 4: are contained in a bounded set of L*(O, T, I”) and we 
can extract from the sequence ($i)h a subsequence which converges weakly 
to a limit 4” in L*(O, T; V’). 
By Mazur’s theorem there exist convex combinations CzLn, a,,#& which 
converge strongly to #” in L*(O, T, V’) and a subsequence of these converges 
strongly in V’ for almost every t E [0, T]. Now let t E [0, T] be given. Then 
for any given E > 0 there exists n, such that n > n, implies by the upper 
semicontinuity of S and the strong convergence ofp,“uh,(t) to u(t) in H: 
S(P&u,“(t)) = S(u(t)) + E&n (12) 
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and hence by the convexity of S(u(t)) 
But, since S(u(t)) + 2~.9~, is a closed subset of V’, we deduce that 4”(t) E 
S(u(t)) + 2sSV, for almost every t E [0, T]. Finally we observe that p,,rz 4; 
tends weakly to 4” in L*(O, T, V’) and by passing to the limit for h + 0 in 
p,(du,/dt) = ph r-h* & we get finally 
g= $"(f) E S(u(t)) + 2&9,! a.e. in [0, T]. I 
Now by letting E > 0 tend to zero we obtain by a similar reasoning. 
THEOREM 1. Assume that the injection map from V into H is compact, 
that K is a compact subset of V, that the mapping S defined on V with 
convex, compact values in V’ is continuous on a compact neighborhood 
of K and upper semicontinuous for the topology of H and that moreover it 
satisfies the tangential condition (65-s). Then for any finite T there exists a 
solution u E C([O, T]; H) nL*(O, T, V) of problem (Ps) such that 
du/dt E L*(O, T; V’). 
These assumptions are satisfied in particular if V = H is a Hilbert space 
such that the injection map from H’(0, T; H) into L’(O, T, H) is completely 
continuous, which, for instance, is the case if H = L*(Q), where 0 denotes a 
bounded open set of I?” with sufficiently regular boundary. 
3. INVARIANT SOLUTIONS FOR DELAY DIFFERENTIAL INCLUSIONS 
Now we consider multivalued delay differential problems of the form 
(p&r> 24, = 2, 
~0) E K, 
where : 
K denotes a compact subset of the Hilbert space V, 
Z is a given function of C = C([-r, 01; V) with values in K, 
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Ut is the function defined by u,(B) = u(t + 19) for 0 E [-r, 01, 
S is a multivalued mapping with nonempty convex compact 
values in V’. 
We assume that the following tangential condition is satisfied 
(G,,,> S(4) f-7 4kW9) # ti for any Q E W-r, 01; VI 
with values in K 
and that S is continuous on a relatively compact neighborhood of K. 
We consider again self-adjoint approximations (V,, ,p,,, lz) of V and we 
introduce the space C, = C( [-r, 0] ; V,) of the continuous functions defined 
on [--r, 0] with values in the finite dimensional space V,. 
As for ordinary differential inclusions we can prove 
LEMMA 3. Assume that the tangential condition (fFs,J is satisfied, then 
for any 4 E C([-r, 01; v) such that d(O) E K we have 
From this result we deduce 
PROPOSITION 5. Assume that S satisfies condition (&Fs,,) and that the 
approximations (V,, , I),, , rt) are stable and convergent. Then for any E > 0 
there exists h, > 0 such that h < h, implies 
(~&.,,J S,XhJ n ~K,,(h(0)) f 0for any h E Ch with values 
inK,=r,*K, 
where S,f is defined by 
Proof. From the uniform convergence of pn rjf to the identity operator on 
compact sets of V, there exists for any 6 > 0 a positive h, such that h < h, 
implies for any 4 E C with values in K 
119 -PhrZ#llC = sup I#(@> -Phrt4(UlY < 6. (14) @EC-r.01 
This implies that for any CI > 0 we have for h small enough 
Phrz 4(O) E 4(e) + a% cK+a9~ foranyBE [-r,O]. 
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Furthermore (14) together with the uniform continuity of S on the above 
mentioned compact neighborhood of K implies that 
and this relation together with Lemma 3 implies that 
S;(rc 4) n DrsK(rz 4(O)) # 0 for any Q E C with values in K. (15) 
Now we notice that for #,, E C([-r, 01; V,,) the mapping 8 + (it)-’ #h(0) 
from [--r, 0] into V has nonempty closed convex values and is lower 
semicontinuous. Indeed since rt is a linear continuous surjective mapping 
from V onto V,, (lc)-l is a lower semicontinuous multivalued mapping with 
nonempty closed convex images from V,, into V and the same holds for the 
mapping 8+ (~2))’ 4,,(B). By the continuous selection theorem of Michael 
there exists a continuous function 4 E C([-r, 01; V) such that 4 E (rc)-l #h, 
i.e., #,, = rz 4. This shows that (15) can be written in the equivalent form 
%(#h) f-l 4*(4hP)) f 0 for any #h E C, 
with values in K, = rz K. m 
We now notice that there exists a positive constant A such that 
S(4) c A.9,,, for any $ E C taking its values in the compact neighborhood of 
K mentioned in the assumption. This implies that for E < CL and for any 
#,, E C, with values in K,, 
&x$h) = rh*IS(Phh) + 4’1 cr;(A +~r)9~,c(A +a)9;, 
where A?? denotes the unit ball of V, for the norm (1 I].+,,. 
We will associate with problem (Ps,l) the following approximate problem 
in the finite dimensional space I’,, 
(‘&,h) uh o zz Z,, 
with Z, = r;Z and K, = r,*K. Since the tangential condition (al,,,,) is 
satisfied it can be shown by the methods of [5] that, for h < h, and for any 
finite T, problem (Pi,r,h) h as an absolutely continuous solution defined on 
[0, T] with values in V,. Furthermore the functons phuh are contained in a 
bounded subset of W(0, T). The convergence of a subsequence of the ph uh to 
a limit u which is a solution of (Ps,,) can be proved in the same manner as 
for problem (Ps) and we obtain 
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THEOREM 2. Assume that K is a compact subset of V having a compact 
neighborhood, Z is a given function of C( [-r, 01; V) with values in K, S is a 
multivalued mapping with nonempty convex compact values in V’ continuous 
for the topology of C( [-r, 01; V), upper semicontinuous for the topology of 
L2(-r, 0; H) which satisfies condition (@Es,,). Then there exists a solution 
u E C([O, T]; H) f7 L’(O, T, V) of Problem (Ps,,) such that du/dt E 
L2(0, T; V’). 
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